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A new boundary condition is employed in the kinematical model analysis of Bragg-peak
profiles of layered single crystals, which is the dynamical reflection amplitude of the substrate
instead of the previously used dynamical intensity. It is shown that this boundary condition
properly accounts for the angular shift effect in the Bragg-peak profile of very thin epitaxial
layers and superlattices. A kinematical model simulates properly the interference profiles in
the C-layer Bragg peak of C /4 /C /sub-type samples, but not in the B-layer Bragg peak of the
B /A4 /B-type samples. The simulated and experimental rocking curves for the thin single-layer
AlGaAs/GaAs and GalnAs/InP samples and for an A1GaAs/GaAs superlattice sample are
discussed. Rocking curves are simulated by using the dynamical diffraction theory and the
kinematical model with the old or new boundary condition. A matrix method for the
dynamical theory superlattice simulation is also presented. The superlattice simulation using
this matrix method is found to be substantially faster than the conventional recursive formula

approach.

I. INTRODUCTION

Double crystal x-ray diffractometry along with Ruther-
ford backscattering spectrometry (RBS) is a suitable non-
destructive technique for characterizing the strain and com-
position depth profiles in single-crystal samples having
depth nonuniformities. The x-ray rocking curve technique
has been used widely for analyzing semiconductor heteroe-
pitaxial structures,'” superlattices (SL),*® thermally dif-
fused samples,'®'! keV or MeV ion-implanted samples,'*'*
and implanted magnetic garnet materials.'>'® Recently, this
technique has been used successfully in characterizing
buried ultrathin strained layers such as the GalnP layer in
InP/GaInP/InP samples'’ and the Ge layer in Si/Ge/Si
samples'® by making use of the x-ray interference structure
in the rocking curves. The RBS channeling technique was
also used for characterizing very thin semiconductor lay-
ers.'® The RBS technique using the MeV He ions, however,
can introduce a beam-induced lattice strain during the align-
ment and measurement process,”° and therefore care must
be taken to avoid such effects in the final result. The nano-
meter epilayer thickness can also be measured by grazing-
incidence x-ray diffraction.?"*?

In the past 15 years or so, many papers have appeared
concerning the theoretical analysis of the rocking curve
data. The analysis objective was to derive the strain, compo-
sition, and/or damage depth profiles from the experimental
data. In general, the process involves using an assumed
strain depth profile in the x-ray-diffraction model and calcu-
lating a theoretical curve. The best fit to the experimental
rocking curve is taken as the actual profile. The methods of
calculating theoretical rocking curves included the dynami-
cal theory, solving the Takagi-Taupin equation®® by nu-
merical integration®'? or by using the recursive formula em-
ploying an analytic solution,”'*** and a simplified
computation scheme partly using the kinematical model.?
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This kinematical model was successfully used in analyzing
the rocking curves from keV ion-implanted semiconduc-
tors'® and ferrimagnetic garnet materials,”®> and superlat-
tices.”*® Often, the kinematical model provides a more clear
physical insight and a faster rocking curve simulation.

However, it was recently observed for thin heteroepitax-
ial samples® and thin SLs?® that the previously used kinema-
tical model resulted in a discrepancy from the corresponding
dynamical theory calculation. The discrepancy occurs in the
Bragg-peak position of a thin epilayer and in the zeroth-
order SL peak position. This is an important observation
because the lattice strain and chemical composition profiles
are determined from the angular distance of the layer Bragg-
peak profile from the substrate Bragg-peak position. We re-
ported that the angular shift is caused mainly by the interfer-
ence effect between the reflection amplitude by the layer (or
superlattice) and the amplitude by the substrate.”’

The kinematical calculations in the previously pub-
lished papers were based on a model®® that combines the
layer diffraction amplitudes, which are in a kinematical ap-
proximation, with the dynamical diffraction intensity of the
substrate, using appropriate absorption and phase factors
for each layer. This type of kinematical model cannot prop-
erly account for the interference effect between the layer and
substrate. The kinematical approximation is valid only if the
total thickness of the layers is substantially less than the pri-
mary extinction length of x rays in the material, whereas the
interference effect produces a peak shift for such small thick-
nesses.>?%?” Therefore, if a kinematical model is to be used
for the rocking curve simulation, a proper layer-substrate
phase relationship should be taken into account.

The objective of this paper is to introduce a kinematical
diffraction model with a correct layer-substrate phase rela-
tionship. A natural approach is to use the substrate (dynam-
ical) amplitude instead of the dynamical intensity as the
boundary condition and to find an appropriate kinematical

© 1991 American institute of Physics 6406



expression for the layer. Rocking curves calculated using
this kinematical model with the amplitude boundary condi-
tion (ABC) are compared with those calculated using the
kinematical model with the intensity boundary condition
(IBC) as well as those obtained by using the dynamical theo-
ry. The rocking curve profiles are discussed, using the calcu-
lated curves and some experimental data for thin single-lay-
er samples, AlGaAs/GaAs and GalnAs/InP, and for a thin
SL sample of AlGaAs/GaAs. We also discuss the sample
structures that manifest interference profiles in the Bragg
peak. We show that our ABC kinematical model shows the
same Bragg peak profile and the zeroth-order SL peak pro-
file as the dynamical theory does, properly showing the peak
shift effect. Also, the ABC kinematical model is shown to
agree with the dynamical theory in the relative profile of the
x-ray interference structure that appears in the C-layer
Bragg peak of the C/A4 /C /B(substrate)-type structures.
However, our ABC kinematical model is shown to deviate
substantially from the corresponding dynamical calculation
of the interference profile in the B-layer Bragg peak of the
B /A4 /B(substrate)-type structures.

1l. CALCULATION OF ROCKING CURVES
A. Rocking curve calculation using dynamical theory

In this section, we briefly review the dynamical diffrac-
tion theory that is used here for rocking curve calculation.
Diffraction of an incident plane-wave x-ray beam by a
layered single crystal can be described by an analytic solu-
tion or a numerical integration of the Takagi-Taupin equa-
tion.”* An analytic solution to the Takagi-Taupin equation
is given in the Appendix for the normal polarization in the
Bragg case. The method of rocking curve simulation consists
of introducing a model strain in the Takagi~Taupin equa-
tion, governing x-ray propagation in distorted crystals, in
order to obtain a simulated reflection profile. The choice of
computation scheme largely depends upon the strain de-
scription. For ideally sharp junctions where the strain is a
steplike function, it is more appropriate to use the analytic
solutions (given in the Appendix) than the numerical inte-
gration procedure. This type of strain profile is relevant for
sharp-junction heteroepitaxial layers and superlattices.

The boundary condition taken by most authors is that
the reflection amplitude is zero at the under surface of the
substrate. With this boundary condition, the Takagi-Taupin
equation is numerically integrated over the substrate to yield
the amplitude at the top surface of the substrate. However,
an analytical expression of the dynamical amplitude at the
substrate top surface was obtained:'*

Xo= —B/(C-295), (1)

where | X, |? is the reflectivity of a bulk substrate and B, C,
and S are structural parameters defined in the Appendix.
This expression gives the same reflection profile as the nu-
merical integration procedure does.

For an isolated single-crystal plate, the diffraction am-
plitude may be obtained from Eq. (A2) by letting
X(z;_,)=0andz; —z;_, = —t where tis the thickness,
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__—iBtan(54?)
S+ iCtan(SAt)
We use this equation to derive kinematical approximation.

The formulas (1) and (2) and those given in the Appen-
dix are for the normal polarization only. The formulas (1)
and (A2) can constitute the dynamical theory in the Bragg
case for a layered single crystal (or in the layer approxima-
tion). In the double crystal geometry, the beam incident to
the second (sample) crystal is usually dominated by the nor-
mal polarization and therefore, for the sake of simplicity, we
considered only the normal polarization in the formulas. In
order to fit the experimental rocking curves, the plane-wave
rocking curve, | X |2 vs 6, was convolved with an appropriate
Gaussian convolution function to fit the experimental
broadening.

For samples in which the strain profile varies gradually
as in a graded buffer layer, in samples with interface transi-
tion regions, in ion-implanted samples, and in thermally dif-
fused samples, a direct numerical integration of the Takagi—
Taupin equation could be more appropriate. This approach
was taken by Larson and Barhorst!? for implanted and an-
nealed Si single crystals, and by Fukuhara and Takano'® for
thermally diffused Si crystals. However, the procedure fol-
lowed by most authors, even for samples with gradually
varying strains, consisted of dividing a region with the vary-
ing strain into slabs of constant strain (layer approximation)
and applying the analytic solution recursively to each slab.
This approach was taken, for example, for the implantation
strain,'* and semiconductor heterojunctions with a graded
buffer layer.?*

(2)

B. Kinematical diffraction modei

We present in this section a semikinematical model of x-
ray diffraction by treating the epitaxial layers in a kinemati-
cal approximation and the substrate by the dynamical theo-
ry [i.e., Eq. (1)]. If a layer is thin enough so that A7 <1, the
diffraction amplitude Eq. (2) may be approximated as

X=ziexp( — iYAt)sin(YAzr)/Y. 3)

This equation is the kinematical amplitude of a thin crystal
plate, and has the same form as the optical Fraunhoffer dif-
fraction by a single slit of width ¢. The amplitude given by ¥
layers is the sum of the amplitudes given by each layer, each
being multiplied by adequate phase and absorption factors,

N
Xy=1 z a; exp[ —i(4;Y;t; + D;) ]sin(4,Y;2,)/ Y},
i=1
(4)
where a; = exp[ — (o + [¥u)/2|¥oval|Z_ 01 piti] is
the absorption factor, u; = Ar, (f§ +f%)/V is the absorp-
tion coefficient for the ith layer, and ®; =2 X, , , 4, Y1,
is the phase delay due to the layers above the jth layer. Eq.
(4) is the same as the kinematical formulia in Ref. 25 except
that the phase delay ®; is modified so that the formula (4)
can be directly combined with the dynamical substrate am-
plitude [ Eq. (1) 1. Including the substrate, a complete kine-
matical formula for a heteroepitaxial sample is

X=Xy +ay exp( — idy)X,, (5)
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where X, is the dynamical amplitude of the substrate given
by Eq. (1). We name Eq. (5) the amplitude boundary condi-
tion (ABC) formula.?

In Sec. 111, we show that Eq. (5) agrees with the dynam-
ical theory in fitting the experimental data for very thin he-
teroepitaxial samples and in fitting the zeroth-order peak of
a SL sample for which the peak shift effect is apparent. We
also discuss an application of the ABC formula to the analy-
sis of the interference profile in the Bragg peak for some
particular sample structures.

C. Matrix approach to the dynamical theory SL
calculation

We present here a matrix method of rocking curve cal-
culation for SLs in the dynamical theory. SL calculation us-
ing this method is substantially faster than the recursive for-
mula approach especially for a large period superlattice and
for investigating the interfacial strain effects. Our approach
differs from Abeles’s matrix method**** which employs the
Maxwell’s equations formulated in a 2X2 matrix form
whereas our approach starts with the analytical solution of
the Takagi-Taupin equation.

The dynamical recursive formula in the Bragg case may
be written as

X(Zj)=[PjX(Zj_l)-{—Qj]/[V}X(Zjnl)—{—VVj], (6)
where the layer parameters P, Q, V, and W are complex
numbers and can be expressed by comparing Egs. (6) and
(A2) in terms of 4, B, C, and S which are given in the Ap-
pendix, and X(z;) is the reflection amplitude at the jth layer
top surface. For a SL structure on a substrate or on any other
structure, the dynamical amplitude on the SL top surface is

XSL = (PSLXunder + QSL )/ ( VSLXunder + WSL ), (7

where X, .., is the dynamical amplitude at the SL under
surface, for example, at the substrate top surface if no buffer
layer is present. It can be shown for an N-period superlattice
that

(PsL Ost ) _ (P period  Phperiod )N (8)
Vso WsL Vietiod  Weerioa/
where
(P period  Pperiod )
Voeriod  Wperiod

_(Pm Qm)m(Pz Q:)(Pl Ql) .

TA\V., W. v, w\v, w)’ ©)
for an arbitrary m-layer period. These 2 X 2 complex matri-
ces can be handled as 4 X 4 real matrices. From Eq. (8), it
can be seen that the time consumed in the numerical calcula-
tion is practically constant, independent of the number of SL
periods N. This is because the operation of the Nth power
may be performed after diagonalization of the period matrix.
Using Egs. (7)-(9), the dynamical theory SL rocking
curves were calculated and are presented in the next section.
For a large period superlattice or for considering interfacial
layers (thereby increasing the number of layers in a period),
this matrix approach can considerably reduce the computa-
tion time. For example in our calculation, using an IBM
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PC/XT compatible personal computer with a math co-
processor and Quick Basic, it took a constant time of 5 min,
which becomes less than the time taken by the recursive for-
mula approach at or above 8 periods for a four-layer period
SL. For a two-layer period SL, the matrix approach took 1
min and 20 s, which is faster at or above 20 periods than the
recursive formula approach.

11l. RESULTS AND DISCUSSION
A. Single epilayer samples

Figure 1 shows the detailed analysis of the peak shift
effect in the experimental rocking curves of a very thin layer
sample. In Figs. 1(a) and 1(e), experimental data are shown
that were taken from a successively etched 0.88-um-thick
Aly 5, Gag 3 As/GaAs sample and a  0.65-um-thick
Ing 535 Gag 465 As/InP sample. The 004 rocking curves were
taken in a double crystal geometry with FeKa, radiation
that was reflected off the (004) planes of a GaAs(001) first
crystal. The normal absorption coefficient of FeKa, is about
0.07 um~'in GaAs. The simulated rocking curves using the
ABC kinematical formula, Eq. (5), are also shown in Figs.
1(b) and 1(f); the dynamical formula, Eq. (A2), in Figs.
t(c) and 1(g); and the IBC kinematical formula in Figs.
1(d) and 1(h). It can be seen that both the dynamical for-
mula and the ABC kinematical formula can fit the experi-
mental data equally well, properly showing the peak shift
effect as the layers become thinner. However, the IBC kine-
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FIG. 1. (a)-(d) Experimental and simulated 004 rocking curves to illus-
trate the peak shift effect in the Al, ;, Ga,.; As layer peak on a GaAs(001)
substrate; and (e)—(h) in the Gag 535 Ing 405 As layer peak on an InP(001)
substrate. Simulations by the dynamical theory or the ABC kinematical
model show the peak shift effect, but the IBC kinematical model does not
show the peak shift.
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matical formula does not show the peak shift effect even at
the smallest thickness calculated here. Figure 1 therefore
shows that the ABC kinematical formula, but not the IBC
formula, can be used for analysis of the detailed diffraction
profiles of very thin layers.

In Fig. 2, we show the deviation in the epilayer peak
intensity calculated by the ABC formula from that calculat-
ed by the dynamical formula. The rocking curves are 004
reflections of FeKa, radiation from a 0.7-, 0.9-, or 1.5-um-
thick Aly,5Ga, ;s As/GaAs sample. For a layer thicker than
0.7 um, the ABC formula gives an increasingly higher peak
intensity than the dynamical formula does. This is expected
from the facts that the kinematical approximation becomes
less valid for thicker layers and that the kinematical formula
tends to give a higher intensity than the dynamical counter-
part does (see, for example, Fig. 2). Therefore, Figs. 1 and 2
show that the ABC kinematical model can be used for the
detailed profile analysis if the epilayer is thin enough for a
kinematical approximation to be valid.

B. X-ray interference in B/A/B-type and in C/A/C/sub-
type structures

We now discuss the applicability of the ABC formula to
the analysis of interference profiles. Figure 3 shows the simu-
lated 004 rocking curves around the GaAs substrate Bragg
peak of a 0.5-um GaAs/t-A Ga,,5Ing,s As/GaAs(001)
buried pseudomorphic sample (B /4 /B type). The GaAs
cladding layer is 0.5 um thick and the strained GalnAsis 24,
22, 20, or 18 A thick. In this type of buried strained layer
structure, the x-ray rocking curve shows an interference
structure within the substrate Bragg peak profile. This oc-
curs due to the phase difference between the wave reflected
by the cladding GaAs layer and that by the substrate
GaAs.?*3% The phase difference is proportional to the thick-
ness times mismatch product of the buried pseudomorphic
GalnAslayer.!” This interference structure was shown to be

60 T T
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1.5 um A
‘ !
® 40 ! |
AlyGay_yAs | \ GaAs
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i 20}
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FIG. 2. The layer peak intensity of a single Al,,s Ga, s As epilayer on a
GaAs(001) substrate becomes increasingly different in the ABC kinemati-
cal (dashed) and in the dynamical (solid) simulations with increasing layer
thickness.
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FIG. 3. The simulated GaAs 004 Bragg-peak profiles are shown for a
differing Gag,5In,,;As layer thickness in a B/A/B-type 0.4-um
GaAs/GalnAs/GaAs(001) sample. The interference profile is significant-
ly different between the dynamical and ABC kinematical simulations.

an effective tool in the heterostructure analysis with a sub-
monolayer resolution, shown experimentally by Wie ez al.'’”,
and independently by Tapfer ez al.'® It was theoretically pre-
dicted and explained by Wie,?® Tapfer and Ploog,** and
Holloway.* It can be seen in Fig. 3 that both the dynamical
theory and the ABC kinematical formula exhibit an interfer-
ence structure but they differ substantially from each other.
A similar discrepancy was observed even when the cladding
GaAs thickness was as small as 0.1 zm. This is because of the
fact that the layer can be described by a kinematical approxi-
mation whereas the substrate requires an exact dynamical
expression. Therefore, only the full dynamical theory can be
used in analyzing the interference profiles of the B /4 /B-type
samples.

However, we show in Fig. 4 that the ABC formula can
be used for the analysis of the interference profile in the C-
layer Bragg peak of the C /4 /C /sub-type samples for which
the composition of the C layers is different from that of
the substrate. Figure 4 shows the simulated rocking curves
of a 0.4-um Al,,Gay,As/t-A Gagy,sIng,s As/0.5-um
Aly ;Gay; As/GaAs(100) sample. It can be seen that the
relative profile of the AlGaAs peak is very similar in the
dynamical curve [Fig. 4(a)] and in the ABC kinematical
curve [Fig. 4(b)]. The intensities of the AlGaAs layer peak
profiles differ slightly from each other in the above two simu-
lations. However, the absolute intensity of the simulated
rocking curve peaks should be taken only in a relative and
approximate sense because the simulated intensity does not
accurately involve such factors as the actual amounts of nor-
mal and parallel polarizations in the incident beam, Debye—
Waller factor of the sample, mozaic nature of the sample,

C. R. Wie and H. M. Kim 6409



{a) Dynamical
0.4um AlGaAs/t~A GaInAs/
0.5um AlGaAs/GaAs (001)
004 FeKal

®
40 GaAs sub
o
w!
5 t =.34 A
D“_ AlGaAs N—" 1
3 20 - 26 J
I 18 A
=4
0 1

{b) ABC-Kinematical
same sample
004 FeKai

40 + GaAs sub 4

0.04

-0.04 0
ANGLE (DEGREE)

-0.08

FIG. 4. The simulated AlIGaAs 004 Bragg peak profiles are compared
between the dynamical and ABC kinematical simulations. The sample
is a C/A/C/sub-type 0.4-um Al,;Ga,,As/Ga,,sIn,,5As/0.5-um
Al ,Ga,,As/GaAs(001). It can be seen that the interference profiles from
the two simulations are relatively the same.

crystal defects, etc., which will affect the peak intensity.
Therefore, we conclude that the ABC formula is valid for the
x-ray interference analysis of the 4 layerinthe C /4 /C /sub-
typesamples, butnotinthe B /4 /B-type samples. Also, since
the layer expressions and their relative phases are essentially
the same between the IBC and ABC kinematical formulas
(the difference exists in the expression for the substrate), the
IBCformula is equally valid for the analysis of C /4 /C /sub-
type structures.

C. The zeroth-order SL peak

We now turn to the SL analysis. We will show that the
ABC kinematical model properly simulates the peak shift
effect in the zeroth-order SL peak, consistent with the dy-
namical calculation and the experimental data. Figures
5(b)-5(d) show the simulated 004 diffraction peaks of a
146-A Al,;Ga,,As/146-A GaAs SL sample with 50, 28,
12, or 7 SL periods. Calculations using the ABC kinematical
model or the dynamical theory show the peak shift effect in
the zeroth-order SL peak and agree with the experimental
data that are presented in Fig. 5(a). For a SL sample with a
smaller Al content (or equivalently a smaller mismatch),
the peak shift effect will be more apparent. We note that the
angular positions of the higher-order SL peaks (only the
zeroth- and the first-order peaks are shown here) are not
changed with the changing thickness. The IBC kinematical
calculation, however, is unable to exhibit the peak shift effect
as Fig. 5(d) shows, in agreement with Tapfer’s observa-
tion.”® Because the kinematical approximation is valid only
for a total thickness that is below the x-ray primary extinc-
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FIG. 5. Experimental and simulated 004 rocking curves are shown for a
146-A Al, ;Ga,,As/ 146-A GaAs superlattice on a GaAs(001) substrate
with a differing number of SL periods in the sample. The zeroth-order SL
peak shifts toward the substrate GaAs peak for a smaller SL thickness. This
effect will be more obvious for a SL with a lower Alcontent (or equivalently
a Jower mismatch). The IBC kinematical model does not show the peak
shift effect. The dashed line in the zeroth-order SL peak indicates the peak
position.

tion length and because the peak shift effect can occur in this
thickness range, the IBC kinematical model will not proper-
ly simulate the experimental diffraction profile of the zeroth-
order SL peak and should not be used for such analyses. In
Fig. 5(a), the experimental rocking curves were obtained
after a successive chemical etching. The four rocking curves
agree with a SL period of 50, 28, 12, and 7, respectively.
Finally, we briefly discuss the significance of the zeroth-
order SL peak profile in the superlattice analysis. The angu-
lar shift of the zeroth-order SL peak is important because its
angular separation A@, from the substrate peak determines
the average lattice mismatch and therefore the average
chemical composition of the SL as can be seen from

AGy = — Kk, (€,) —ku <5||>, (10)
where the angular bracket means an average over the SL
period and the quantities in the angular brackets are the per-
pendicular and parallel mismatches of the SL layers relative
to the substrate lattice. Considering the peak shift effect, a
detailed fitting analysis of the experimental data is necessary
to obtain more accurate information on the layer composi-
tion and mismatch using either the dynamical theory or the
ABC kinematical model. As for the SL period thickness, the
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angular separation between higher-order SL peaks (i.e., not
including the zeroth-order peak) will yield more accurate
information because their positions are not affected by the
peak shift effect which occurs in the zeroth-order peak.

1V. CONCLUSIONS

We have introduced a kinematical x-ray-diffraction
model with a new boundary condition. The new boundary
condition employs the dynamical complex amplitude in-
stead of the dynamical intensity of the substrate. Using this
boundary condition, we have shown that the kinematical
diffraction model can properly simulate the peak shift effect
in the Bragg-peak profile of a single epitaxial layer sample
and in the zeroth-order SL peak. The kinematical models
{both ABC and IBC) can be used to analyze the interference
profile in the C-layer Bragg peak of the C /4 /C /sub-type
samples, but not in the B-layer Bragg peak of the B /A4 /B-
type samples where the 4 layer is a strained pseudomorphic
layer. This is because the two layers (one of which can be the
substrate) that produce the Bragg peak in which the inter-
ference profile is formed must both have either the dynami-
cal expression or the kinematical expression. In the kinema-
tical model (whether ABC or IBC), however, the substrate
is from the dynamical theory whereas the layers are from the

J

§;X(z;_,) +i[B + CX(z_,)]tan[5;4,(z; —2;_,)]

kinematical model. With the use of the new boundary condi-
tion, the kinematical model can be safely used for the simula-
tion study of rocking curves of most of the thin layer sam-
ples. We have also presented a matrix method of superlattice
rocking curve calculation using the dynamical theory. The
matrix method was found to be more efficient than the recur-
sive formula approach for a large period SL and for investi-
gating the interfacial layer effect in the rocking curves.
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APPENDIX

A useful solution to the Takagi-Taupin equation is giv-
en by a ratio of the diffracted displacement field (D) to the
incident displacement field (D, ) as a function of depth into
the crystal (z),'"

X(2)=Dy (@)\|7ul/Do ()76, (A1)

where ¥, and ¥, are the direction cosines of the incident and
diffracted wave vectors with respect to the inward surface
normal. In the Bragg case, an analytic solution is given by

’ (A2)

X(z) =

where j is the layer number, numbered upward from the
substrate (the substrate is j = 0), and z; is the depth at the
top surface of the jth layer, measured from the sample sur-
face (see Fig. 6). This formula applies to the o-state polar-
ization only. For the 7-state polarization, corresponding re-
sults can be obtained by everywhere replacing F, by
F, cos 26,.%' Other parameters in Eq. (A2) are defined as
follows:

A=/lreF;l/VV I?’o?’H y B= —Fy/Fy,

C=Y+ig, S=JC?—B?

Y= —[(1+b)Fs + (aV /A%, )bay|/2|F |6,
and

g= — (1 +bYF§/2F y\b.
Here, a;, is a measure of the angular deviation from the
Bragg angle,

ay = —2(0—0y)sin 20, — 2(k, €, + k€, )sin 26,

where G is the substrate Bragg angle, b is the ratio of direc-
tion cosines given by

b=|vo/Vul

k. and k, are geometrical factors, respectively given by
k, = cos @ tan 8; — sin @ cos @,
k, = sin @ tan 6 + sin @ cos @,
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S; =[G+ BiX(z_y) [tan[§;4,(z; — 7, 1) ]

r
€, and ¢, are the plane-normal and in-plane lattice mis-
matches, respectively, given by

€, =(a, —a,)/a,, € =(a —a,)/a,

@ is the angle between the reflecting lattice plane and the
sample surface, Fy ; = F{ 4 + iF § 5 is the structure factor
for the incident (0) and diffracted (H) waves, 6 + @ is the
grazing angle of incidence, 7, is the classical electron radius,
Vis the unit-cell volume, 4 is the x-ray wavelength, a, and g,
are the layer lattice constants normal and parallel to the in-
terface, respectively, and 4, is the substrate lattice constant.

i=N
j=N-1

17J FIG. 6. Sample schematics showing
. the convention for layer number and
depth.

i=2

j=1
j=0
substrate

W
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